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HASSE-WITT MATRICES AND MIRROR TORIC PENCILS
ADRIANA SALERNO AND URSULA WHITCHER
Abstract. Mirror symmetry suggests unexpected relationships between arith-
metic properties of distinct families of algebraic varieties. For example, Wan
and others have shown that for some mirror pairs, the number of rational
points over a finite field matches modulo the order of the field. In this paper,
we obtain a similar result for certain mirror pairs of toric hypersurfaces. We
use recent results by Huang, Lian, Yau and Yu describing the relationship
between the Picard-Fuchs equations of these varieties and their Hasse–Witt
matrices, which encapsulate information about the number of points. The re-
sult allows us to compute the number of points modulo the order of the field
explicitly. We illustrate this by computing K3 surface examples related to
hypergeometric functions.
1. Introduction
Mirror symmetry predicts an unexpected and deep relationship between distinct
families of algebraic varieties. The first mirror construction, due to Greene and
Plesser in [GP90], constructs a mirror to the family of all smooth Calabi-Yau hy-
persurfaces in Pn, using the Fermat pencil of Calabi-Yau n− 1-folds Xn−1,ψ given
by
xn+10 + · · ·+ x
n+1
n − ψ(n+ 1)x0 . . . xn = 0.
Candelas, de la Ossa, and Rodr´ıguez Villegas observed that in the case of
Calabi-Yau threefolds, the Greene–Plesser mirror construction has arithmetic con-
sequences. In this case, a group G ∼= (Z/5Z)3 acts diagonally on X3,ψ, and
the mirror to smooth quintics in P4 is given by the resolution of singularities
Y3,ψ = X˜3,ψ/G. In [CDRV00], they showed that for ψ ∈ Z the number of points
on X3,ψ over a field of prime order is given by truncations of series solutions of the
Picard–Fuchs differential equation satisfied by the holomorphic form. This phe-
nomenon generalizes results of Dwork in [Dwo69] for the case of quartics X2,ψ. In
[CDRV01], Candelas, de la Ossa, and Rodr´ıguez Villegas computed the zeta func-
tions of X3,ψ and the mirror quintic pencil Y3,ψ. They showed that for each ψ ∈ Z
the zeta functions share a common factor corresponding to the holomorphic form.
Various researchers in mirror symmetry have sought to generalize the phenomena
observed by Candelas–de la Ossa–Rodr´ıguez Villegas to broader classes of examples
of mirror varieties. The first work built on the Greene–Plesser mirror construction.
In [Wan06], Wan showed that for any ψ ∈ Fq and any dimension n, the number of
points on Xn−1,ψ and its mirror Yn−1,ψ over a field of q
k elements are the same,
modulo the order of the field:
#(Xn−1,ψ,Fqk) ≡ #(Yn−1,ψ ,Fqk) (mod q
k).
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Wan conjectured that a similar congruence should hold in any setting where one
can construct a one-to-one correspondence between a Calabi-Yau variety X and
its mirror Y (rather than having more general paired mirror families, as in the
correspondence between all smooth quintics in P4 and the quintic mirror Y3,ψ). In
[Kad06], Kadir considered a two-parameter family of octic Calabi-Yau threefolds in
the weighted projective space P(1, 1, 2, 2, 2). She showed that this family and the
family of mirror octics obtained via a Greene–Plesser mirror construction share a
common factor in their zeta functions corresponding to the holomorphic form, and
claimed that a similar computation would describe a common factor for any Greene-
Plesser mirror of Calabi-Yau hypersurfaces in a Gorenstein weighted projective
space.
Aldi and Perunicˇic´ in [AP15], and the present authors together with Doran,
Kelly, Sperber, and Voight in [DKSSVW18] and [DKSSVW20], have investigated
arithmetic mirror symmetry phenomena in the context of the Berglund-Hu¨bsch-
Krawitz (BHK) mirror construction. In particular, [DKSSVW18] uses BHK mirrors
to identify pencils of Calabi-Yau varieties in Pn that share common Picard–Fuchs
equations and common factors in their zeta functions. Kloosterman further ex-
plored this phenomenon in [Klo18], using a geometric approach. Both [Kad06] and
[CDRV01] use the Batyrev mirror construction and techniques of toric varieties for
a more detailed analysis of the Greene–Plesser mirror. In [MW16], Magyar and the
second author examined a larger collection of Batyrev mirrors, providing a conjec-
tural description of collections of toric hypersurface pencils that are strong mirrors
in Wan’s sense.
All of these variations on arithmetic mirror symmetry compare properties of
special pencils or subfamilies where the Picard–Fuchs equation satisfied by the
holomorphic form is the same on each side of the mirror correspondence. From the
standpoint of mirror constructions, this is a very special property: one typically
expects that a family with many complex deformations, such as all smooth quintics
in P4, should be mirror to a family with few complex deformations, such as the
Greene–Plesser mirror Y3,ψ. From the standpoint of arithmetic, on the other hand,
this restriction is straightforward. Point counts on a variety over a finite field may
be computed using the Frobenius action F on an appropriately chosen p-adic co-
homology, so the question is whether the Frobenius action and the cohomological
structure measured by the Picard–Fuchs equation are compatible. In the arithmetic
setting, such investigations go back to Igusa’s classic study of the Legendre pencil
of elliptic curves [Igu58] and have been worked out in detail in various contexts,
building on Dwork’s work in [Dwo69]. The analysis in [DKSSVW18] draws heav-
ily on this tradition in order to make the correspondence between Picard–Fuchs
equations and point counting precise in the setting of BHK mirror symmetry.
In the current work, we study an object called the Hasse–Witt matrix. Let Fq
be a finite field of order q = pa. Then the Frobenius operator F induces a p-linear
map
Hn(X,OX)
F
−→ Hn(X,OX).
A matrix for F , for some choice of basis of Hn(X,OX), is called a Hasse–Witt
matrix. Katz made a detailed study of the Hasse–Witt matrix for projective hy-
persurfaces (see for example [Kat72] and [Kat73]); Achter and Howe give a useful
description of the Hasse–Witt matrix using modern language in [AH19]. For a
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Calabi–Yau variety X , Hn(X,OX) is one-dimensional, so the Hasse–Witt matrix
is simply an element of Fq.
The Hasse–Witt matrix encapsulates information about the number of points
on a Calabi-Yau variety over a finite field of characteristic p, modulo p. The re-
lationship is given by Katz’s congruence formula ([Kat73, The´ore`me 3.1]), which
relates the generating function Z(X/Fq;T ) for the number of points on X over
finite extensions of Fq to the Frobenius action:
(1.1) Z(X/Fq;T ) ≡
n∏
i=0
det(1− T · Fa|Hi(X,OX))
(−1)i+1 (mod p).
The zeta function of a Calabi-Yau variety has a unique root that is a p-adic unit,
known as the unit root. Combining this fact with Katz’s congruence formula, we see
that the number of points on a Calabi–Yau variety (mod p) is entirely controlled
by the factor of the zeta function given by the Hasse–Witt matrix.
The authors of [HLYY18] describe a relationship between Picard–Fuchs equa-
tions and the Hasse–Witt matrices of Calabi-Yau varieties realized as toric hypersur-
faces. Their results extend results of Adolphson and Sperber in [AS16] for Calabi-
Yau hypersurfaces in projective space and prove a conjecture made by Vlasenko in
[Vla18]. A more arithmetic and algorithmic perspective on Hasse–Witt matrices
and associated cohomology theories, including an alternate proof of the conjecture,
may be found in [BV19].
In this paper, we apply the results of [HLYY18] to characterize arithmetic mir-
ror symmetry phenomena for certain pencils of Calabi–Yau hypersurfaces in toric
varieties. These pencils are determined by a natural combinatorial construction
that generalizes the toric characterization of the Fermat pencil. We thereby prove
the congruence for toric diagonal pencils conjectured in [MW16] and obtain ex-
plicit examples of the relationships between periods and point counts described in
[HLYY18] and [BV19].
In more detail, given a reflexive polytope ∆, we use the vertices of the polar
polytope ∆◦ to define a pencil of Calabi–Yau varieties called the vertex pencil (see
Definition 2.1). Recall that two polytopes are combinatorially equivalent if there
is a bijection between their faces that preserves inclusions. For example, any two
simplices of the same dimension are combinatorially equivalent. Our main result
characterizes combinatorially equivalent reflexive polytopes whose vertex pencils
share arithmetic properties.
Main Theorem (see Theorem 3.4). Let ∆ and Γ be combinatorially equivalent n-
dimensional reflexive polytopes with k vertices and ℓ facets. Let V∆ and VΓ be toric
varieties determined by maximal simplicial refinements of the fans over the faces
of ∆ and Γ, respectively. Let X∆,ψ and XΓ,ψ be the corresponding vertex pencils.
Then:
(1) If the kernels of the matrices whose columns are given by the vertices of the
polytopes ∆◦ and Γ◦ are the same submodule of Zk, then for any rational
ψ and prime p such that X∆,ψ and XΓ,ψ are smooth, their Hasse–Witt
matrices are the same.
(2) If the kernels of the matrices whose columns are given by the vertices of
the polar polytopes ∆ and Γ are the same submodule of Zℓ, then for any
rational ψ and prime p such that X∆,ψ and XΓ,ψ are smooth, their Hasse–
Witt matrices differ (mod p) by an element N of Z/pZ not depending on
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ψ:
HWp(X∆,ψ) ≡ HWp(XΓ,ψ) +N (mod p).
Corollary (See Corollary 3.5). Let ∆ and Γ be combinatorially equivalent n-
dimensional reflexive polytopes with k vertices and ℓ facets. Let V∆ and VΓ be
toric varieties determined by maximal simplicial refinements of the fans over the
faces of ∆ and Γ, respectively. Let X∆,ψ and XΓ,ψ be the corresponding vertex
pencils. If the kernels of the matrices whose columns are given by the vertices of
the polytopes ∆◦ and Γ◦ are the same submodule of Zk, then for any rational ψ and
prime p such that X∆,ψ and XΓ,ψ are smooth,
#X∆,ψ ≡ XΓ,ψ (mod p).
The proof of our Main Theorem uses the relationship between Hasse–Witt ma-
trices and Picard–Fuchs equations.
In the second part of the paper, we develop techniques for effective computation
with our Main Theorem and apply them to specific examples. We warm up with
a pencil of elliptic curves in P1 × P1 and its mirror, then study two collections of
pencils of K3 surfaces. These examples have hypergeometric structures that are
interesting in their own right.
2. Toric hypersurfaces and Picard–Fuchs equations
We review Batyrev mirror symmetry for toric Calabi-Yau hypersurfaces, estab-
lish notation, and describe the particular hypersurfaces that we will study. See
[CK99] for a more general expository treatment, or [Whi15] for a discussion fo-
cused on K3 hypersurfaces.
Let N ∼= Zk be a lattice, and let M ∼= Hom(N,Z) be the dual lattice. Write NR
and MR for the associated real vector spaces, and let 〈 , 〉 represent the bilinear
pairing on NR and MR induced by the duality of N and M . Let ∆ be a polytope
in NR, and assume that ∆ contains the origin strictly in its interior. The polar
polytope of ∆ is given by
∆◦ = {w ∈MR | 〈v, w〉 ≥ −1 for all v ∈ ∆}.
Note that (∆◦)◦ = ∆. If ∆ and ∆◦ have vertices in the lattices N and M respec-
tively, each polytope is a reflexive polytope and we say that ∆ and ∆◦ are a mirror
pair of polytopes.
We may use a lattice polytope to define a fan in two ways: by taking the fan
over the faces of the polytope, or by taking the normal fan to the polytope, whose
cones consist of the normal cones to each face of the polytope. If ∆ and ∆◦ are
a mirror pair, then these notions are dual: the fan over the faces of ∆ is identical
to the normal fan of ∆◦. One may also refine the fan over the faces of a polytope
using new one-dimensional cones corresponding to the lattice points of a polytope.
The fan R over the faces of a reflexive polytope ∆ determines a k-dimensional
Gorenstein Fano toric variety VR. A general anticanonical hypersurface in VR is a
Calabi-Yau variety. We may resolve singularities of the ambient toric variety by
refining the fan. In dimension k ≤ 4, if we take a maximal simplicial refinement of
R (using all of the lattice points of ⋄), the resulting anticanonical hypersurface is
a smooth k − 1-dimensional Calabi-Yau manifold. In particular, three-dimensional
reflexive polytopes yield K3 surfaces. A mirror pair of reflexive polytopes ∆ and
∆◦ yields mirror families of Calabi-Yau varieties.
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One may describe a toric variety using generalized homogeneous coordinates, so
named because they generalize the homogeneous coordinates used in projective
space. In this construction, if a fan Σ has q one-dimensional cones, the toric variety
VΣ is realized as a k-dimensional quotient of a subset of C
q, and we have q gen-
eralized homogeneous coordinates z1, . . . , zq. Let us assume that Σ is a maximal
simplicial refinement of the fan R over the faces of ∆. In this case, the coordinates
zi correspond to the non-origin lattice points of ∆. We may use these coordinates
to write explicit expressions for our Calabi-Yau hypersurfaces. Each lattice point
m in ∆◦ will determine a monomial in the zi. Let us choose a coefficient αm associ-
ated to each monomial and use this information to define a polynomial associated
to the vector of coefficients α:
(2.1) fˆα =
∑
m ∈M∩∆◦
αm
q∏
j=1
z
〈vj,m〉+1
j .
For a general choice of the αm, fˆα defines a smooth Calabi-Yau hypersurface. For
computational convenience, we will often work with the Laurent polynomial fα
obtained by restriction to the open torus. Explicitly, the Laurent polynomial is
given by:
(2.2) fα =
∑
m ∈ M∩∆◦
αm
k∏
i=1
x
〈ei,m〉
i ,
where the ei are standard basis vectors.
We may obtain interesting subfamilies of hypersurfaces by specializing the αm
in combinatorially natural ways, a strategy pursued for example in [KLMSW13].
In particular, we may construct a one-parameter family by taking the sum of the
monomials corresponding to the vertices of ∆◦ and deforming by the monomial
corresponding to the origin:
Definition 2.1. Let ∆ and ∆◦ be a mirror pair of reflexive polytopes. The ver-
tex pencil X∆,ψ of Calabi-Yau hypersurfaces is the one-parameter family given by
solutions to the equation:
fˆ∆,ψ =

 ∑
x ∈ vertices(∆◦)
k∏
i=1
z
〈vi,x〉+1
i

 + ψ
k∏
i=1
zi.
If ∆ is the simplex with vertices (1, 0, . . . , 0), . . . , (0, . . . , 0, 1), (−1, . . . ,−1) in
Rk, then fˆ∆,ψ determines a one-parameter deformation of the Fermat hypersurface
zk+11 + · · · + z
k+1
k+1 ; we view the vertex pencil as a combinatorial generalization of
this construction.
One may use these explicit expressions for Calabi-Yau hypersurfaces to compute
their Picard–Fuchs equations. Recall that a period is the integral of a differential
form with respect to a specified homology class. In particular, periods of holomor-
phic forms encode the complex structure of varieties. The Picard–Fuchs differential
equation of a family of varieties is a differential equation that describes the way
the value of a period changes as we move through the family. Solutions to Picard–
Fuchs equations for holomorphic forms on Calabi-Yau varieties define the mirror
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map, which relates variations of complex structure of a family to variations of
complexified symplectic structure of the mirror family. Using the construction in
[MW16], one may show that certain combinatorially equivalent reflexive polytopes
yield vertex pencils with identical Picard–Fuchs equations:
Lemma 2.2. Let ∆ and Γ be combinatorially equivalent reflexive polytopes. Fix
an ordering of the vertices that respects the combinatorial equivalence, and let M∆
and MΓ be the matrices whose columns are given by the vertices in this ordering.
Suppose the kernels of Mat∆ and MatΓ are the same submodule of Z
q. Then the
Picard–Fuchs equations of the vertex pencils fˆ∆,ψ and fˆΓ,ψ are the same.
Proof. By [MW16, Lemma 4.1], if R and T are the fans over the faces of ∆ and
Γ respectively, then there exists a toric variety W and finite abelian subgroups of
the torus A and B such that V (R) = W/A and V (T ) = W/B. The Picard–Fuchs
equation is preserved under finite quotient maps, so it is the same in all cases. 
3. Hasse-Witt matrices for Calabi-Yau toric hypersurfaces
In this section, we combine results of [HLYY18] with the analysis of Picard–Fuchs
equations in the previous section to prove our main theorems.
Katz gave an algorithm for the Hasse-Witt matrix of a Calabi-Yau hypersurface
in projective space:
Algorithm 3.1 ([Kat72] (2.3.7.17)). Let X be a smooth Calabi-Yau hypersurface
of degree d = n + 1 in Pn that is given by an equation fˆ . Then the Hasse-Witt
matrix HWp(X) is given by the coefficient of (z0 · · · zn)
p−1 in fˆp−1.
Huang, Lian, Yau, and Yu extended this algorithm to the case of a toric Calabi-
Yau hypersurface, writing their result in terms of Laurent polynomials.
Algorithm 3.2 ([HLYY18] (Corollary 2.3)). Let fα be a Laurent polynomial de-
termining a smooth toric Calabi-Yau hypersurface. Then the Hasse-Witt matrix
HWp(X) is given by the coefficient of the constant term of f
p−1
α
.
The constant term of fp−1
α
corresponds to the (z0 · · · zq)
p−1 term in generalized
homogeneous coordinates. Samol and van Straten studied congruences for the
constant term of fp−1
α
in [SvS15], using an analogy to periods that the results of
[HLYY18] and [BV19] make precise.
Huang, Lian, Yau, and Yu showed that the Hasse-Witt matrix of a Calabi-Yau
variety realized as a hypersurface in a toric variety can be described (mod p) as
the truncation of a series expansion of the period integral.
Theorem 3.3 ([HLYY18] (Theorem 1.2)). Let fα be a family of Laurent polyno-
mials determining a family of toric Calabi-Yau hypersurfaces, as in Equation 2.2.
Suppose γ is a large complex structure limit point, that is, fγ has maximally unipo-
tent monodromy.
(1) The Hasse-Witt matrix HWp is a polynomial in αm of degree p− 1.
(2) The period integral I for the holomorphic form can be extended as a holo-
morphic function at γ and has the form 1
α0
T
(
αm
α0
)
, where T
(
αm
α0
)
is a
Taylor series in {αm
α0
| m 6= 0} with integer coefficients.
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(3) The Hasse-Witt matrix satisfies the truncation relation
HWp ≡
[
T
(
αm
α0
)]p−1
(mod p),
where [·]p−1 represents the truncation of a series at degree p− 1.
We now apply Theorem 3.3 to vertex pencils obtained from combinatorially
equivalent reflexive polytopes to prove our main theorem.
Theorem 3.4 (Main Theorem). Let ∆ and Γ be combinatorially equivalent n-
dimensional reflexive polytopes with k vertices and ℓ facets. Let V∆ and VΓ be toric
varieties determined by maximal simplicial refinements of the fans over the faces
of ∆ and Γ, respectively. Let X∆,ψ and XΓ,ψ be the corresponding vertex pencils.
Then:
(1) If the kernels of the matrices whose columns are given by the vertices of the
polytopes ∆◦ and Γ◦ are the same submodule of Zk, then for any rational
ψ and prime p such that X∆,ψ and XΓ,ψ are smooth, their Hasse–Witt
matrices are the same.
(2) If the kernels of the matrices whose columns are given by the vertices of
the polar polytopes ∆ and Γ are the same submodule of Zℓ, then for any
rational ψ and prime p such that X∆,ψ and XΓ,ψ are smooth, their Hasse–
Witt matrices differ (mod p) by an element N of Z/pZ not depending on
ψ:
HWp(X∆,ψ) ≡ HWp(XΓ,ψ) +N (mod p).
Proof. To prove part (1), let B◦∆ and B
◦
Γ be the matrices whose columns are given by
the vertices of the polytopes ∆◦ and Γ◦, respectively. Consider the diagonal pencils
f∆ and fΓ. We may write f∆,ψ as the Laurent polynomial z
w1 + · · ·+ zwℓ + ψz0
and zw1 + · · ·+zwℓ+ψz0 and fΓ,ψ as the Laurent polynomial z
w′1 + · · ·+zw
′
ℓ+ψz0,
where {w1, . . . , wℓ} are the vertices of ∆
◦ and {w′1, . . . , w
′
ℓ} are the vertices of Γ
◦.
By Algorithm 3.2, HWp(X∆,ψ) is given by the constant term of (z
w1 + · · ·+ zwℓ +
ψz0)p−1. Contributions to the constant term are given by nonnegative integers
α1, . . . , αℓ such that α1w1 + · · · + αℓwℓ = 0. Thus, the vector (α1, . . . , αℓ) is an
element of the kernel of B◦∆. Meanwhile, HWp(XΓ,ψ) is given by the constant
term of (zw
′
1 + · · · + zw
′
ℓ + ψz0)p−1. We see that the vector (α1, . . . , αℓ) yields a
contribution to HWp(X∆,ψ) if and only if it yields a contribution to HWp(XΓ,ψ).
To prove part (2), we observe that X∆,ψ and XΓ,ψ have the same Picard–Fuchs
equation by Lemma 2.2. We make the change of variables λ = 1/ψ. In this new
coordinate system, λ = 0 is a point of maximally unipotent monodromy for both
families. By uniqueness of ODEs, the period integralsX∆,λ and XΓ,λ must differ by
a constant. By part (2) of Theorem 3.3, this constant must be an integer; applying
the truncation result from part (3) of Theorem 3.3, we obtain the desired result. 
Theorem 3.4 immediately yields a relationship between point counts (mod p).
Corollary 3.5. Let ∆ and Γ be combinatorially equivalent n-dimensional reflexive
polytopes with k vertices and ℓ facets. Let V∆ and VΓ be toric varieties determined
by maximal simplicial refinements of the fans over the faces of ∆ and Γ, respectively.
Let X∆,ψ and XΓ,ψ be the corresponding vertex pencils. If the kernels of the matrices
whose columns are given by the vertices of the polytopes ∆◦ and Γ◦ are the same
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submodule of Zk, then for any rational ψ and prime p such that X∆,ψ and XΓ,ψ
are smooth, #X∆,ψ ≡ XΓ,ψ (mod p).
One common situation where the hypotheses of Theorem 3.4 and Corollary 3.5
apply is that of reflexive simplices. Up to resolution of singularities, the toric variety
determined by a reflexive simplex is either a Gorenstein Fano weighted projective
space or a quotient of such a projective space by a finite abelian group. In particular,
Theorem 3.4 applies to the Greene–Plesser mirrors of Calabi-Yau hypersurfaces in
Gorenstein Fano weighted projective spaces.
Example 3.6. The weighted projective spaceWP(1, 1, 1, 2, 5) is a Gorenstein Fano
fourfold. As a toric variety, this space is determined by the four-dimensional re-
flexive polytope ∆ with vertices (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1), and
(−5,−2,−1,−1). The polar dual ∆◦ has vertices (1,−1,−1,−1), (−1, 4,−1,−1),
(−1,−1, 9,−1), (−1,−1,−1, 9), and (−1,−1,−1,−1). ∆ and ∆◦ are combinatori-
ally equivalent, and the kernels of the matrices whose columns are given by their
vertices form the same submodule of Z5.
The pencil of Calabi-Yau threefolds X∆,ψ is a resolution of singularities of the
diagonal pencil given by solutions to z100 + z
10
1 + z
10
2 + z
5
3 + z
2
4 +ψz0 · · · z4 = 0. Let
G be the group of diagonal symmetries of the pencil that preserve the holomorphic
(3, 0)-form. Then G is a finite abelian group of order Z/10 × Z/10. The Greene–
Plesser mirror of X∆,ψ is the resolution of singularities of the quotient X∆,ψ/G.
But we may also obtain this mirror by taking the diagonal pencil X∆◦,ψ within the
toric variety corresponding to ∆◦. We conclude that, for any rational ψ and prime
p such that both X∆,ψ and its Greene-Plesser mirror are smooth, both threefolds
have the same Hasse–Witt matrix and #X∆,ψ ≡ X∆◦,ψ (mod p).
Theorem 3.4 is powered by the relationship between periods and point counts
over finite fields. The periods of a general anticanonical Calabi-Yau hypersurface in
a Gorenstein Fano toric variety satisfy a GKZ generalized hypergeometric system.
When we specialize to a vertex pencil, we obtain varieties with special geometric
and arithmetic properties. In the next section, we study specific examples of elliptic
curve and K3 surface vertex pencils whose Picard–Fuchs equations are classical
hypergeometric differential equations, and remark on the relationships between
geometric and arithmetic properties in this context.
4. Explicit examples and hypergeometric structures
In small dimensions, reflexive polytopes have been classified, so one can search for
reflexive polytopes satisfying the hypotheses of Theorem 3.4. As we illustrated in
Example 3.6, reflexive simplices correspond to Calabi-Yau hypersurfaces in weighted
projective spaces and finite quotients of such spaces. In [MW16], Magyar and the
second author classified two- and three-dimensional reflexive polytopes ∆ such that
∆ and ∆◦ satisfy the hypotheses of Lemma 2.2. In two dimensions, the examples
consist of simplices, the cross-polytope with vertices (±1, 0) and (0,±1), and its
polar dual. Geometrically, the two-dimensional cross-polytope determines a family
of elliptic curves in P1×P1. In three dimensions, aside from simplices, the examples
fall into two groups, referred to in [MW16] as Group I and Group II. Any pair of
polytopes in Group I or Group II satisfies the hypotheses of Lemma 2.2.
In this section, we study the vertex pencil of elliptic curves in P1×P1 and pencils
of K3 surfaces corresponding to Group I and Group II in more detail. All of these
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families have hypergeometric Picard–Fuchs equations. We use this fact to extract
explicit point-counting formulas, and comment on the relationship to modularity.
Following the approach of [Sal13, Algorithm 3], one can compute the hypergeo-
metric parameters of a given Picard–Fuchs equation. This approach is used for the
following examples.
4.1. Elliptic curves in P1×P1. Let ∆ be the cross-polytope with vertices (±1, 0)
and (0,±1). The vertex pencilX∆,ψ is a pencil of elliptic curves in P
1×P1. Applying
the Griffiths–Dwork method, one may show that its Picard–Fuchs equation is given
by:
(4.1)
ψ
(ψ3 − 16ψ)
F (ψ) +
(3ψ2 − 16)
(ψ3 − 16ψ)
F ′(ψ) + F ′′(ψ) = 0.
Proposition 4.1. The number of points of X∆,ψ is
NFp(P1 × P1) ≡ 1 +
[
2F1
(
1
2
,
1
2
; 1 |
ψ2
16
)](p−1)
mod p,
where [·]n denotes the truncation of the series at the n-th term.
Proof. The companion matrix to the Picard–Fuchs equation 4.1 is

 0 1−ψ
(ψ3 − 16ψ)
(−3ψ2 + 16)
(ψ3 − 16ψ)

 .
This represents a linear system of differential equations of the form
d
dψ
y =
A(ψ)y(ψ).
This system does not necessarily have regular singular points at 0 and ∞, but a
simple change of basis gives an equivalent system which does (c.f. [Beu09]).
We can thus write the system with a new matrix, given by

 0 1−ψ2
(ψ3 − 16ψ)
1 +
(−3ψ2 + 16)
(ψ3 − 16ψ)

 =

 0 1−ψ2
(ψ3 − 16ψ)
−2ψ2
(ψ3 − 16ψ)


=
1
ψ

 0 1−ψ2
(ψ2 − 16)
−2ψ2
(ψ2 − 16)


Changing variables so that z = ψ2, we get
1
z

 0 1/2−z
2(z − 16)
−z
(z − 16)


Now we can change variables so that z = 16λ, and we get
1
λ

 0 1/2−λ
2(λ− 1)
−λ
(λ− 1)


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The system defined by this matrix has regular singular points at 0, 1,∞. The
eigenvalues of the residue at 0 will give us the β parameters of the hypergeometric
function and the eigenvalues of the residue at ∞ will give us the α parameters.
The residue at λ = 0 is
(
0 1/2
0 0
)
The eigenvalues are clearly 0, 0, and thus β = {0, 0}.
We change variables to get a system with simple pole at ∞, and get
1
ζ

 0 −1/21
2(1− ζ)
1
(1 − ζ)


The residue at ζ = 0 is
(
0 −1/2
1/2 1
)
which has eigenvalues α = {1/2, 1/2}.
Thus, this system is related to a hypergeometric function of the form
2F1
(
1
2
,
1
2
; 1 |
ψ2
16
)
.
An n-th order Picard Fuchs equation has maximally unipotent monodromy if and
only if it has indicial equation of the form (λ−ℓ)n (see [CK99, §5.1] for a discussion).
In the hypergeometric case, this condition is equivalent to requiring that the β
parameters be integers. Notice that this monodromy group (with denominator
parameter 1) does have this desired property.
Finally, by Theorem 3.4 we now know that the truncated hypergeometric func-
tion is our Hasse–Witt invariant, and that the number of points is
NFp(P1 × P1) ≡ 1 +
[
2F1
(
1
2
,
1
2
; 1 |
ψ2
16
)](p−1)
mod p.

Remark 4.2. This hypergeometric function appears in many classical results. In
Igusa’s work [Igu58], it is geometrically related to the Legendre family of elliptic
curves, and according to [Har98], based on work by [CN79], it is also associated to
the modular group Γ0(4).
4.2. Group I. We now consider K3 surface examples associated to the set of reflex-
ive polytopes identified in [MW16] as Group I. This group contains four combina-
torially equivalent three-dimensional polytopes: reflexive polytope 3 in the [S+20]
database, with vertices (1, 0, 0), (0, 1, 0), (0, 0, 1), (−1, 0,−1), and (−1,−1, 0), its
polar dual polytope 4283, and the pair of polar polytopes 753 and 754. The kernel
of the matrix whose columns are given by the vertices of ∆ is the same submodule
of Z5 for any polytope ∆ in Group I; since the set is closed under polar duality, the
same condition holds for polar polytopes ∆◦.
For any ∆ in Group I, the Picard-Fuchs differential equation for the vertex pencil
of K3 surfaces X∆,ψ is
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(4.2) F ′′′(ψ) +
6(ψ3 + 27)
ψ4 + 108ψ
F ′′(ψ) +
7ψ2
ψ4 + 108ψ
F ′(ψ) +
ψ
ψ4 + 108ψ
F (ψ) = 0.
Proposition 4.3. Let X∆,ψ be the vertex pencil of K3 surfaces associated to the
three-dimensional reflexive polytope with index 3, 4283, 753, or 784. Then,
NFp(X) ≡ 1 +
[
3F2
(
1
2
,
1
3
,
2
3
; 1, 1 | −
108
ψ3
)](p−1)
mod p.
Proof. As in Section 4.1, we first write the companion matrix of the Picard–Fuchs
differential equation:


0 1 0
0 0 1
−t
ψ4 + 108ψ
−7ψ2
ψ4 + 108ψ
−6(ψ3 + 27)
ψ4 + 108ψ


A change of basis yields a linear system of differential equations with regular
singular points at 0 and ∞:
1
ψ


0 1 0
0 1 1
−ψ3
ψ3 + 108
−7ψ3
ψ3 + 108
2−
6(ψ3 + 27)
ψ3 + 108


=
1
ψ


0 1 0
0 1 1
−ψ3
ψ3 + 108
−7ψ3
ψ3 + 108
−4ψ3 + 54
ψ3 + 108


We do another change of variables so that z = ψ3:
1
z


0 1/3 0
0 1/3 1/3
−z
3(z + 108)
−7z
3(z + 108)
−4z + 54
3(z + 108)


And finally, we do a change of variables so that the system has regular singular
points around 1, by letting λ = − z108 :
1
λ


0 1/3 0
0 1/3 1/3
λ
3(λ− 1)
7λ
3(λ− 1)
8λ+ 1
6(λ− 1)


And now we can compute the hypergeometric denominator parameters by com-
puting the eigenvalues of the residue at 0:

 0 1/3 00 1/3 1/3
0 0 1/6

 ,
which are β = {0, 1/3, 1/6}. A simple change of variables gives us the residue at
∞:
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
 0 −1/3 00 −1/3 −1/3
1/3 7/3 4/3

 ,
whose eigenvalues give us the numerator parameters, α = {1/3, 1/3, 1/3}.
As mentioned above, we require that the Picard–Fuchs equation have maximally
unipotent monodromy around 0. This is clearly not the case in the above compu-
tation. However, the change of variables sending z to 1/ζ provides us with another
hypergeometric differential equation that does have the desired monodromy. In this
particular instance, that hypergeometric function is
3F2
(
1
2
,
1
3
,
2
3
; 1, 1 | −
108
ψ3
)
.
And thus, the point count is
NFp(X) ≡ 1 +
[
3F2
(
1
2
,
1
3
,
2
3
; 1, 1 | −
108
ψ3
)](p−1)
mod p.

4.3. Group II. Similarly, we may analyze K3 surface examples associated to the
set of reflexive polytopes identified in [MW16] as Group II. This group contains
six combinatorially equivalent three-dimensional polytopes: reflexive polytope 10
in the [S+20] database, with vertices (1, 0, 0), (0, 1, 0), (0, 0, 1), (−2, 0,−1), and
(−2,−1, 0), its polar dual polytope 4314, the pair of polar polytopes 433 and 3316,
and the pair of polar polytopes 436 and 3321. As before, the kernel of the matrix
whose columns are given by the vertices of ∆ is the same submodule of Z5 for any
polytope ∆ in Group II, and the set is closed under polar duality.
For any ∆ in Group II, the Picard-Fuchs differential equation for the vertex
pencil of K3 surfaces X∆,ψ is
(4.3) F ′′′(ψ) +
6(ψ3)
ψ4 − 256
F ′′(ψ) +
7ψ2
ψ4 − 256
F ′(ψ) +
ψ
ψ4 − 256
F (ψ) = 0.
Proposition 4.4. Let X∆,ψ be the vertex pencil of K3 surfaces associated to the
three-dimensional reflexive polytope with index 10, 4314, 433, 3316, 436, or 3321.
Then
NFp(X) ≡ 1 +
[
3F2
(
1
2
,
1
4
,
3
4
; 1, 1 |
256
ψ4
)](p−1)
mod p.
Proof. Using the same approach described for Proposition 4.3, one finds that the
Picard–Fuchs equation is equivalent to the hypergeometric differential equation
satisfied by
3F2
(
1
4
,
1
4
,
1
4
;
1
2
,
3
4
|
ψ4
256
)
.
Again, the associated Picard–Fuchs equation does not have maximally unipotent
monodromy around 0. By the same change of variables we can resolve this, and ob-
tain a hypergeometric differential equation that does have the desired monodromy.
In this particular instance, that hypergeometric function is
3F2
(
1
2
,
1
4
,
3
4
; 1, 1 |
256
ψ4
)
.
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And thus, the point count is
NFp(X) ≡ 1 +
[
3F2
(
1
2
,
1
4
,
3
4
; 1, 1 |
256
ψ4
)](p−1)
mod p.

4.4. Symmetric square roots. Our vertex pencils are combinatorially natural
one-parameter families of K3 surfaces. The vertex pencils associated to Group I or
Group II all have Picard rank 19. This property is special: a general K3 hyper-
surface in the toric variety obtained from polytope 3 (in Group I) or polytope 10
(in Group II) would have Picard rank 2, for example (see [Whi15] for a discussion
of such computations). The Picard–Fuchs equations of Picard rank 19 K3 surfaces
have particularly nice properties:
Theorem 4.5. [Dor00] The Picard–Fuchs equation of a family of rank-19 lattice-
polarized K3 surfaces can be written as the symmetric square of a second-order
homogeneous linear Fuchsian differential equation.
In our case, one can obtain the conclusion of Theorem 4.5 a bit more quickly.
A classical result on hypergeometric functions known as Clausen’s formula (c.f.
[Bai64]) states that
2F1
(
a, b; a+ b+
1
2
|z
)2
= 3F2
(
2a, 2b, a+ b; 2a+ 2b, a+ b+
1
2
|z
)
.
Applying this to our two examples, we find that for the Group I hypergeometric
functions,
(4.4) 2F1
(
1
6
,
1
3
; 1 | −
108
ψ3
)2
= 3F2
(
1
2
,
1
3
,
2
3
; 1, 1 | −
108
ψ3
)
,
and for Group II,
(4.5) 2F1
(
1
8
,
3
8
; 1|
256
ψ4
)2
= 3F2
(
1
2
,
1
4
,
3
4
; 1, 1 |
256
ψ4
)
.
The equations (4.4) and (4.5) relate our K3 surfaces to some very special Gauss-
ian hypergeometric functions. These hypergeometric functions are related to clas-
sical modular groups. In a process similar to the elliptic curves case, by consulting
[Har98] and [CN79], we see that
2F1
(
1
6
,
1
3
; 1|ψ
)
is associated to the modular group Γ0(3)+ (the + meaning it has all of its Atkin
Lehner involutions).
Finally, the hypergeometric function
2F1
(
1
8
,
3
8
; 1|ψ
)
is associated with the modular group Γ0(2)+.
14 ADRIANA SALERNO AND URSULA WHITCHER
Remark 4.6. It would be tempting to say that Clausen’s formula or Theorem 4.5
imply that the point counts for these two examples are quadratic residues (mod p),
but the true situation is more subtle. Due to translations between truncated gen-
eralized hypergeometric functions and their finite field analogs, this only works for
certain primes. For example, for Group II and the prime 13, the point count is not
a quadratic residue for ψ = 1, 5, 8, 12.
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